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ONE APPROXIMATE SOLUTION
OF THE NEKRASOV PROBLEM

T. A. Bodnar’ UDC 532

An approximate solution w = Alw, ] of the nonlinear integral Nekrasov equation is obtained by
successive replacement of the kernel of the integral operator by a close one. The solution is sought
not directly at the bifurcation point uy = 3 of the linearized equation w = pL[w] but at the point
w =1 at which operator Alw, u], remaining nonlinear in w, is linear in p.

Key words: integral equation, nonlinear operator, iterative method, motionless point.

1. Formulation of the Problem. The well-known Nekrasov problem of free nonlinear waves on the
surface of a fluid of infinite depth [1] is given by the system of differential equations

dz A
0= o R(6) cosw(0); (1.1)
dy A . )
0= fﬁR(ﬂ) sinw(0); (1.2)
d 1 / -1
7 InR(8) = —3 usinw(@)(l + /sinw(o) do) . (1.3)
0

Here X is the wavelength and p is a parameter that depends on the wavelength A, the wave velocity ¢, and the
acceleration due to gravity g; the = axis is directed horizontally, the y axis is directed vertically upward, and the
coordinate origin O is at the wave crest (Fig. 1); the odd function w(6), which vanishes at the point § = 0, satisfies
the Nekrasov integral equation in the theory of steady-state nonlinear periodic waves:

w(d) = /K(G,U)usinw(o)(l +u/sinw(s) als)i1 do. (1.4)
0 0

Here the kernel
nmw

1 <X sinnfsinno
K(b,0) = 3 Z _—
n=1

is Green’s function of the Neumann problem for the Laplace operator in a unit circle. The expression on the right
side of Eq. (1.4) is denoted by A[w, u] and treated as a nonlinear operator which acts in the space of 2m-periodic
functions in the interval [0, 27]. The existence of a nontrivial solution of the integral equation

w(f) = Alw, p] (1.5)

was proved in [1] and [2, 3]. It has been shown [1-3] that the operator Alw, u] is continuous and compact in a small
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Fig. 1. Wave profile.

sphere in a small vicinity of zero. Performing Frechet differentiation of the right side of Eq. (1.5) at zero, we obtain
the linearized equation

w(f) = pLlw], (1.6)
where
2
Ljw] = / K (6, 0)w(0) do.
0

The spectrum of Eq. (1.6) consists of simple eigenvalues pr = 3k (kK = 1,2,...) to which the eigenfunctions
er, = sin k6 correspond. The values py, are the bifurcation points of Egs. (1.5) at which waves occur. Actually, only
the first bifurcation point [4] has a physical meaning.

Solution of the operator equation (1.5) involves great difficulties due to the complex dependence of the
operator Alw, p] on the parameter u. In [5, 6], it was proved that the representation

Alw, p] = pLlw] + Tlw, p]

(T'|w, p] is a continuous nonlinear operator) is valid and that approximate solutions of the operator equations (1.5)
can be constructed in the vicinity of the bifurcation points using the Lyapunov—Schmidt method. Direct application
of the Lyapunov—Schmidt method to the solution of Eq. (1.5) leads to the expression [1, 5]

18 , 115 , 1, 8 . . 17 )
=|l=-e—— —_— — " - — . 1.
w(f,¢) (95 513 € +131225 + )sm0—|—(545 79 € + )sm29+43745 sin30 + O(e*).  (1.7)

The parameter €, which characterizes the wave amplitude is determined from the relation p = pu1 + €, where p is a
solution of the nonlinear equation (1.5) in the vicinity of the point p1. In the present paper, the nonlinear integral
equation (1.5) is solved using a different method, which is described in [7]. This solution is constructed only in the
vicinity of the point p taking into account that solutions in the vicinities of any bifurcation points u, (n > 1) can
be found using the same method. In this method, a calculation is made of the parameter €, which is then used to
calculate the solution w(f,¢) from formula (1.7) obtained using the Lyapunov—Schmidt method.

2. Solution of the Integral Nekrasov Equation. To solve Eq. (1.5) we use the method of replacing the
kernel by a close kernel [8, p. 552]. In this case, the kernel K (6, 0) of Egs. (1.5) is replaced by the truncated kernel
K, (0,0). As a result, we obtain the equation

wn(0) = An[Kn(0,0), wn, pi1n); (2.1)
where
2m o .
An[Kn(0,0),wn, p1n] = /Kn(H, o) pi1n sinwy, (o) (1 + p1n /Sinwn(s) ds) do,
0 0
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n

sin k6 sin ko
Kolb) =3 =g
k=1

t1n is a solution of Eq. (1.5) for the parameter p with the truncated kernel K, (6, 0) in the vicinity of the first
bifurcation point py. Convergence of the solution of Eq. (2.1) to the solution of the integral equation (1.5) follows
from the convergence condition || K (0,0) — K,(0,0)|| — 0 at n — co. The rate of convergence of the sequence wy(0)
(k=1,2,...) can be estimated by using the norm

pwpf(0) —wn(0)) = max [w;=(0) — wn(6)],

0<0<2r

where

woo(e) = An[K(eao')vwnlen]~ (22)

n

For convenience of the further consideration, we use the notation

o

fn(o) =sinw, (o), gn(o) = /Sinwn(s) ds.
0

In this notation, Eq. (2.1) can be written as

2m
 x—sinkd [ pinsinkof,(o)
wn(e)_; T / ——r do, (2.3)
= 0

whence it follows that its solution is the trigonometric polynomial
wn(0) = Z ay sin k6 (2.4)
k=1

with the coefficients aj, (k = 1,2,...n) satisfying the integral equations

2T
[ pesinkofu(o)
ap — / 3k7r(1 i ,LL1ngn(O')) do. (2.5)

0

Equation (2.1) can be written as

wn<0) = Nlan [Wn] + C[wna Mln]» (26)

where
2 27
Bn[w’n] = /Kn(e,o') M dgv C[wnv,uln] = /KH(Q,O') (fn(a)gn(a)’uln(l — ‘uln) do.

) 1—|—gn(0) J 1+gn(a))(1 +N1ngn(o))

As the zero approximation for n = 1 we use the value p17 = 1 for which the nonlinear operator Clwy,, p1,] = 0
and Eq. (2.6) is equivalent to the equation linear in p:

wi(0) = p3y Bi[wy ()] (2.7)

The solution of this equation is the function w{ = a{sin 6.

To calculate the parameters af and pY; at which Eq. (2.7) has a nontrivial solution, we determine the

sequences of the functions w¢,, =

w?m = Bl[w?m—lL :u(l)lm = ||w?m—1||/||w?m”7 (28)

where ||w{,, || is the norm of the function w9, . The satisfaction of the Schauder motionless point principle [6], whose

af,,sinf (m > 1) and the numbers p?,, from the recursive relations

applicability to the operator equation Eq. (1.5) is proved in [1, 2], guarantees that the sequence w?,, converges to
the exact solution w? as m — oco. The second equation (2.8) can be written as u9;,, = [|wl,_1ll(||B1w_11) 71,
whence it follows that u,, — uf; = const as m — oco. Numerical solution of Egs. (2.8) yields a? = 0.047452
and u§; = 7 [7]. We fix the coefficient a{ = 0.047452 and consider the value of the parameter ui; = 7 as the first

approximation of u1; (above, as the zero approximation we used the value p;; = 1).

820



Before solving Egs. (2.6) for n = 1, we prove the following theorem [9].
Theorem 1. Let w$ = a{sin6, u9, be a solution of Eq. (2.7) and a¥ € [0,7), pf; € [0, A1[w?, 00] By Hw?]),

where
k0o 12 _f S1(o)
Abbocl= [Kitbo yGyan - Bl 16000

Then, for n =1, Eq. (2.1) has a unique solution for the parameter p11 at the point w1 = wy.

Proof. The function w! is a solution of Eq. (2.1) for n = 1 if

Arlwy, paa] — pf Bi[w?] = 0, (2.9)
where
27
pfilo) 0 0 / 11 f1(0)
K ( do, B = | K1(0,0) ——=do.
wl /1‘11 / 1 1+‘ullgl( ) g Mll 1[W1] 1( U) 1+g1(0,) o

In this equation, the integrands are continuous positive (by virtue of the conditions of Theorem 1) functions o in the
interval (0,27). The integrand function of the integral A [w?, y11] is a monotonically increasing function u11 € [0, o0]
with the maximum and minimum values of the integral, respectively:
Aw?,0] =0, Ayw? o0l = lim  Aj[w?, pi).
H11—00
Hence, Eq. (2.9) has a unique solution if 9, € [0, A1 [w{, 00] BT 1[w1]) Theorem 1 is proved.

The calculations yielded the inequalities A;[w?, oo] < 2.09426 and B1 HwY] < 21.07392. Thus, the values of
pY; that satisfy the conditions of the theorem are in the closed interval p9; € [0;44.13426]. Solving Eq (2.3) for
n =1 and w1 = w{ by using the method of consecutive approximations in the vicinity of the point ud; = 7, we
obtain u117 = 3.47841. Substitution of wy(6) and p11 into the right side of Eq. (2.2) yields the trigonometric series

wi®(0) = 0.047452 sin 6 + 0.0016889 sin 26 + 0.000081627 sin36 + . .. .

The norm p(wf®(#) — w1()) ~ 0.0017 shows that for n = 1, solution (2.4) is close to the exact solution. To reduce
the error, we calculate wa(f) = ajsin® + azsin20. We first set udy = p11 in (2.5) and calculate as by solving the
equation

27
iy sin (20) (o)
@ / 67 (1 + pfy92(0)) do

using the method of successive approximations. Then, for the known coefficients a1, as, and n = 2, from Eq. (2.3)
we find the parameter pi5. As a result, we have as = 0.00336833 and 12 = 3.48856. Consequently, for the
truncated kernel Ka(6, ), the solution of Eq. (2.1) becomes ws = 0.047452 sin 26 + 0.00336833 sin26. Substitution
of this solution into the right side of Eq. (2.2) yields

ws°(0) = 0.047452 sin 6 + 0.00336833 sin26 + 0.000201158sin36 + ... ,

p(ws®(8) — w2(0)) ~ 0.00020.
Similarly, for n = 3, we find the values of the following approximation:

az = 0.000302041, iz = 3.48971;
w3 () = 0.047452 sinf 4+ 0.00336833 sin 26 + 0.000302041sin36 + ... ; (2.10)

p(wse(0) — ws(6)) ~ 0.000022.

The accuracy of the solution (2.10) obtained using the approximate method is sufficiently high, and, hence, calcu-
lation of the terms of the sum on the right of Eq. (2.4) with numbers k > 3 is meaningless.
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Fig. 4. Solution y(z) of problem (1.1)—(1.3) for A =1 m and p = 3.48971.



The coefficients aj,as,... in Eq. (2.1) are independent and determine the motionless point of Eq. (1.5).
Indeed, successive scalar multiplication of the left and right sides of Eq. (2.1) into the function sinkf (k =1,2,...)
with allowance for (2.4), (2.5) leads to the system of independent equations

2
pan sin (ko) fn(o)
Op = ap — do=0 k=1,2,...
BT /3k7r(1+u1ngn(0)) 7 B

which determines the location of the motionless point in the space of the functions sinkf (k = 1,2,...) which are
orthogonal in the interval [0, 27]. Figure 2 shows the dependence d1(a;). At the motionless point a; = 0.047452,
the function 6 (a;) vanishes.

Returning to Eq. (1.7) and setting g = p13, we find the parameter ¢ = 0.48971. Substitution of this value
into Eq. (1.7) yields

w(B,€) = 0.047546 sin § + 0.00315225 sin 20 + 0.000456443 sin 36 + O(c*):; (2.11)

p(ws(8) —w(B,e)) ~ 0.00041.

A comparison of Egs. (2.10) and (2.11) shows that the approximate solutions obtained by different methods
almost coincide. One cannot argue that these solutions are completely independent because it was not possible
to calculate the parameter e using the Lyapunov—Schmidt method. Figure 3 shows the dependences ws(f) and
Aw = (w3(8) —w(B,¢)) - 102

3. Solution of System (1.1)—(1.3). We return to system (1.1)—(1.3), for which we assume that w(6) =
w3(0) and p = py3. Integration of Eq. (1.3) yields [3]

0
1
InR(9) = —3 1n 1 +/L/smw (3.1)
0

where x? = g\/(mc?). Solution of system (1.1), (1.2) taking into account (3.1) yields the dependence y = y(x),
which defines the wave profile in parametric form. The results of the calculation for x> = g and A = 1 m are
presented in Fig. 4. The function ws(6) is determined from formula (2.10). From the calculations it follows that a
wave of length A = 1 m has an amplitude a ~ 0.06 m and moves at a velocity ¢ ~ 0.945 km/sec.

I thank N. I. Makarenko for useful discussions of the work and the reviewer who pointed out a more rigorous
proof of the theorem, allowing the refinement of the initial formulation of the theorem [9].
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